We report a new full-dimensional variational algorithm to calculate rovibrational spectra of polyatomic molecules using an exact quantum mechanical Hamiltonian. The rovibrational Hamiltonian of system is derived in a set of orthogonal polyspherical coordinates in the body-fixed frame. It is expressed in an explicitly Hermitian form. The Hamiltonian has a universal formulation regardless of the choice of orthogonal polyspherical coordinates and the number of atoms in molecule, which is suitable for developing a general program to study the spectra of many polyatomic systems. An efficient coupled-state (CS) approach is also proposed to solve the eigenvalue problem of the Hamiltonian using a multi-layer Lanczos iterative diagonalization approach via a set of direct product basis set in three coordinate groups: radial coordinates, angular variables, and overall rotational angles. A simple set of symmetric top rotational functions is used for the overall rotation whereas a potential-optimized discrete variable representation (PO-DVR) method is employed in 1 E-mail: hgy@bnl.gov 1 radial coordinates. A set of contracted vibrationally diabatic basis functions is adopted in internal angular variables. Those diabatic functions are first computed using a neural network iterative diagonalization method (NNiDM) based on a reduced-dimension Hamiltonian but only once. The final rovibrational energies are computed using a modified Lanczos method for a given total angular momentum J, which is usually fast. Two numerical applications to CH 4 and H 2 CO are given, together with a comparison with previous results.
Introduction
Calculating rovibrational spectra of polyatomic molecules is one major goal in chemical physics. During the past decades, great progress has been made, e.g. see recent reviews.
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Now full dimensional quantum dynamics calculations can be done for polyatomic molecules up to nine atoms using a nearly exact Hamiltonian. [6] [7] [8] [9] [10] [11] [12] It is not so difficult to compute vibrational spectra of polyatomic molecules up to six atoms 2, 4, [13] [14] [15] [16] with the help of the parallel computing of supercomputers. If the molecule of interest is rigid, the EckartWatson Hamiltonian (usually based on normal coordinates) is often used. Its rovibrational spectrum can be efficiently studied by using a vibrational self-consistent filed (VSCF) 17, 18 based approach, such as the vibrational configuration interaction (VCI) 13, 19 and vibrational coupled cluster (VCC) methods, 20, 21 or the perturbation approach. 12, 22 However, it is still difficult to calculate highly vibrationally excited states and/or to study molecules with large amplitude motion using these methods. For those systems, curvilinear coordinates 3, 23-29 are better to describe the system dynamics, and the large amplitude motion is naturally taken into account. Since the choice of curvilinear coordinates, which determines the molecular Hamiltonian, 30, 31 is generally system-dependent, dynamics calculations require specific techniques in order to be done efficiently. In particular, for large polyatomic molecular systems, a sophisticated basis contraction 32-38 based on sequential diagonalization and truncation strategy has to be utilized to deal with the resulting huge basis size. By using curvilinear coordinates, some benchmark calculations such as those on CH 4 , CH Orthogonal polyspherical coordinates 3, 5, 28, 42, 43 are particularly useful curvilinear coordinates. They are widely used in quantum scattering chemical dynamics. 44 A set of orthogonal coordinates can be formed by a combination of Jacobi, 3 Radau 45 and orthogonal satellite vectors. 15, 46 They provide a more flexible description to a variety of chemical bond molecules. In orthogonal polyspherical coordinates, the determined Hamiltonian has several important merits except that large amplitude motion of molecules is well represented. Firstly, the Hamiltonian is very compact as there are only a few terms in the kinetic energy operator. There is no mixed partial derivative term between the radial and angular variables. This provides a great advantage in numerical calculations. The second important feature is that the structure of the Hamiltonian is independent of the choice of vectors except for the pre-factors in the kinetic energy operator. The pre-factors depend only on the masses of atoms but are associated vectors. 15, 42 This important feature allows us to develop a general program for polyatomic molecules with a chosen number of atoms by using a relationship between the orthogonal vectors and the atomic Cartesian coordinates. Bramley and Carrington 42 programmed a DVR-Lanczos routine to calculate vibrational energy levels of four-atom molecules, and applied it to H 2 CO and HOOH. By using the same strategy, Yu and Muckerman 47 developed a general variational algorithm to calculate vibrational energy levels of tetra-atomic molecules for a given potential energy surface, where a mixed grid/basis set was used. The algorithm has been applied to several semi-rigid and floppy molecules such as H 2 CO, NH 3 , CH + 3 , HOOH and the van der Waals molecule He 2 Cl 2 . Recently, the author has written a general problem-independent program (PetroVib) for pentaatomic molecules, 15 in which 21 sets of orthogonal polyspherical coordinates are implemented. The infrared transition intensities can be also calculated. 16 The program has been applied for computing the vibrational spectra of several rigid or 43 proposed a Jacobi-Wilson method for semi-rigid molecules.
The partitioned structure of the Hamiltonian in orthogonal polyspherical coordinates is another wonderful advantage. 5 By exploring the partitioned structure, the full dimensional eigen-problem can be solved efficiently in a reduced-dimensional manner by dividing the coordinates into two groups: angular and radial coordinates. Two efficient contraction algorithms 35, 50 have been developed for vibrational state calculations. These algorithms were extended to compute the rovibrational energies via Ω− or K−dependent vibrational diabatic functions 36, 51 in angular variables. Although the Ω− or K−dependent approaches are very accurate, the algorithms are less efficient. This is because one has to carry out (J + 1) times iterative diagonalizations for constructing those Ω− or K−dependent diabats for a given total angular momentum J. In order to avoid this drawback, a simple K−independent scheme was proposed by Wang and Carrington. 36 Numerical results
showed that it is a very good approximation for CH 4 .
There are many methods to calculate rovibrational states of molecules. In this work, we will develop an exact variational method to calculate the rovibrational spectra of polyatomic molecules for a given potential energy surface. It is a general iterative diagonalization algorithm in terms of orthogonal polyspherical coordinates. Here, we will fully explore the salient merits of orthogonal polyspherical coordinates. The theory will be described in Sec. 2, where the rovibrational Hamiltonian of system and multi-layer Lanczos iterative diagonalization method are given. Two numerical applications are illustrated in Sec. 3. The conclusion is summarized in Sec. 4.
Theory

Hamiltonian in orthogonal polyspherical coordinates
Recently, the orthogonal polyspherical coordinate approach becomes popular in rovibrational spectrum calculations, 8, 15, 28, 36, 39, 42, 43, 47, 54, 55 e.g. see a recent excellent review. 3 In this subsection we will describe a universal Hamiltonian for a general polyatomic system with N atoms in a set of orthogonal polyspherical coordinates. A novel partitioned formulation of rovibrational Hamiltionian will be derived. By using the Hamiltonian, an iterative diagonalization method is then developed for calculationg rovibrational states. Since the algorithm is developed from the two-layer Lanczos method, 35, 73 some essential descriptions of vibrational state calculations will be included for better understanding. We will start with a concise representation of Hamiltonian in the space-fixed (SF) frame.
In the absence of an external field, only (N − 1) independent vectors are required to describe an N −body system by removing the motion of the center of mass of molecule.
These orthogonal vectors are denoted as ( 
with the angular momentum operator
and the volume element
In Eq. (1), µ i is the reduced mass associated with a vector r i , which only depends on the atomic masses. V ({r i }; {x η }) is the potential energy surface of the system, where the vectors x η give the Cartesian coordinates of atom η in the SF frame.
Calculations will be carried out in the body-fixed (BF) frame. As usual, we select the are not uniquely defined by this BF definition. 7, 15, 36 One has to use additional conventions to determine them. In this work, we will use convention A from Ref. [7] , which was also used by other groups. 28, 55 In this convention the relative azimuthal angles are defined as
with the range of φ k ∈ [0, 2π]. Fig. 1 shows the orthogonal polyspherical coordinates in the BF frame that are used in this work.
By using the z−component (ĵ z ) and ladder operatorsĵ ± of angular momentum
and the chain rules
we have derived the following rovibrational Hamiltonian
for N −atomic systems in the BF frame. Here,T vr is the rotational kinetic energy operator including the rotation-vibrational couplings. It will be described below.Ĥ v is the pure vibrational Hamiltonian that only depends on the 3N − 6 internal coordinates. It is partitioned into two terms.T R (R) is the kinetic energy operator in the radial coordinates.
It is obtained by a summation of one dimensional (1D) Hamiltonianĥ(r i ), i.e.,
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Here, V 0 (r i ) is a 1D reference potential in r i with its associated reduced mass µ i . The another term is given byĤ
where the potential energy surface V (Q, R) is expressed in the internal coordinates.T Q (Q; R)
is the kinetic operator in the internal angular coordinates. It can be written as
withT
whereĵ i ,ĵ iz andĵ i± are the angular momentum, its z projection and the ladder operators in the BF frame, respectively. 56 One should notice thatT
T Q only parametrically depends on R through pre-factors without any crossed partial derivative terms between the two coordinate groups.
We have derived the rotational kinetic energy operators in Eq. (10) aŝ
whereĴ,Ĵ z andĴ ± are the total angular momentum, its z component and ladder operators, respectively. They obey the anomalous commutation rules. The other angular operators are determined by the BF angular operators. They are obtained aŝ
with the operator
It is worth mentioning that thep θ matrix in a basis set should be accurately evaluated using either an analytical recurrence 58 or a Gauss-Jacobi quadrature method 57 in order to keep its anti-hermiticity. In Eq. (18) For instance, if one employs the orthonormal spherical harmonic basis functions |jm >,
where Θ m j (θ) are the normalized associated Legendre polynomials, the resulting Hamiltonian matrix is very sparse. Because these functions are the common eigenstates of bothĵ
For the ladder operators, we have the relationship,
Generally, an iterative diagonalization method is used, which requires only the action of the Hamiltonian on basis functions. In this circumstance, for the internal angular
r,CS −FBR basis products can be easily computed on-the-fly by using Eqs. (24)- (26).
However, for larger polyatomic molecules, the resulting FBR basis set is too huge to be dealt with. Currently, there is no good way to contract a non-direct product FBR basis. In order to overcome this critical bottleneck, we will explore the discrete variable representation (DVR) method 34, [59] [60] [61] [62] [63] [64] [65] [66] or its basis contraction scheme in this work. This is also largely motivated by the characters of potential energy surface of system of interest. In the variational approach using a non-direct product FBR basis set, dynamic calculations required access of the whole configuration space, which is not available for the potential energy surfaces of most large polyatomic systems. Nowadays, with the help of modern quantum chemistry calculations, accurate ab initio potential energy surfaces can be obtained for polyatomic systems with up to seven atoms. Those surfaces are normally fitted using an advanced interpolation technology such as the Shepard interpolation, 67 neural network approach, 68 high-order polynomial expansion scheme, 69 and high-dimensional model representation (HDMR) methods. [70] [71] [72] Generally speaking, those methods usually
give a semi-global potential energy surface that is lack of the extrapolation reliability.
In order to do calculations in DVR, by using the definition of the angular operators in Eqs. (5) and (6), we have obtained the Q−dependent kinetic energy operators in coordinate space as followŝ
They are general expressions regardless of molecular size. Actually, we have written the rovibrational Hamiltonian in a partitioned structure. And the Hamiltonian is explicitly (17) and (18) ) depend on the radial coordinates only parametrically. In other words, the rotational couplings are mainly determined in the angular variables via the four opera-
These four operators are only defined by the vibrational motions in the internal coordinates in the BF frame. Based on this fact, we will use the main results in Eqs. (27)- (30) to develop an efficient iterative diagonalization algorithm for computing the rovibrational states as discussed below.
Multi-layer Lanczos iterative diagonalization algorithm
The multi-layer Lanczos algorithm 16, 35, 73 will be extended to solve the rovibrational eigenvalue problem of the molecular Hamiltonian. Since the algorithm has been well described for vibrational spectrum calculations in the literature, 5, 7, 15, 16, 35, 73 here, we will mainly focus on the discussion of the outer layer Lanczos iteration. The inner nested Lanczos iteration remains the same as in the vibrational calculations. Briefly, the inner layer iteration is used to obtain a set of vibrationally diabatic basis functions {|Q m >} in the internal angular variables Q. They are formed by the lowest eigenstates of a reference Hamiltonian
where R 0 are the radial references in the kinetic energy operator. Usually, they are constant as {r i0 }. R V 0 are the references in the potential energy surface, and may be dependent of R for a better reference potential. 74 In this work, the eigenvalue problem in Eq. (37) The multi-layer Lanczos iterative diagonalization method uses the same approach as the two-layer Lancozs method. 35 The vibrational Hamiltonian has been re-organized aŝ
Once the diabatic functions have been computed, the potential residual matrix < Q n |∆V (Q; R α )|Q m > and the kinetic energy operator matrices < Q n |T (i) Q |Q m > are then calculated. The latter are R−independent. They are used to construct the ∆H Q (R) matrices for the outer layer Lanczos iteration. In order to study the rovibrational states, we will calculate and save six extra small matrices in the diabatic basis functions. They are given by
and
Here S Q and T Q are real symmetric whereas A Q , B Q , D Q , and F Q are real anti-Hermitian.
All quantities required have been obtained in the diabatic basis function calculations.
Those matrices are calculated only once as they are similar to the ∆V andT
The total Hamiltonian is represented in a direct product basis set in three coordinate groups, R, Q and overall rotation angles. Such a basis function is written as
with
Here, |JM Ω > is a rotational basis function. It is given by the Wigner rotation matrix via the Euler angles
where M and Ω are the projections ofĴ onto the SF and the BF z-axes, respectively. This uncoupled basis set has the orthonormality condition 
Here, we have used the relationship T Although the Hamiltonian matrix is very sparse in this basis set, it is complex Hermitian. The complex representation may be not numerically efficient. In order to use a real algorithm, we can utilize more sophisticated rotational basis functions such as the orthonormal Wang functions 41, 76 and the signed real rotational functions. 52 Even the universal inversion symmetry can be considered. However, it was found that those advanced treatments will more or less degrade the sparseness of Hamiltonian matrix. For instance, the (Ω, Ω ± 2) blocks occur, which will slow down an iterative diagonalization algorithm.
Therefore, in this work, we prefer the complex sparse Hamiltonian matrix but use a real two-component algorithm proposed below. From the numerical point of view, the real two-component algorithm is as nearly efficient as other real methods 41, 52 owing to the compensation by the use of sparse matrix. Nevertheless, the two-component method requires twice the core memory, which is not an issue in the multi-layer Lanczos algorithm, especially for a low J because the memory requirement of the algorithm is determined in the vibrationally diabatic function calculations in Eq. (37) . The core memory is released after the coupling matrices have been calculated.
Since the complex Hamiltonian matrix is Hermitian, the rovibrational eigenstates can be calculated using the real standard Lanczos algorithm,
with a minor modification. That is, the Lanczos vectors are expressed in a real twocomponent form. One component represents the real coefficient part (denoted as 'r') of a vector in the basis set while the second component stands for the imaginary part (denoted as 'i'). Therefore, by using the basis set in Eq. (45), the Lanczos vector |v l > can be expressed as
The reccurrence coefficients are calculated as usual, namely As a typical iterative diagonalization method, the algorithm requires only the action of Hamiltonian on a vector without explicitly storing the whole matrix elements. Here, the crucialĤ−vector product can be calculated aŝ
with (40)- (44)). The computational efforts are proportional to 2(2J +1) in the outer layer Lanczos iteration. Furthermore, the calculations for different J are completely independent, which is very suitable for parallel computing. Importantly, the expensive computational steps (the calculations of diabatic basis functions and residual potential energy terms) remain unchanged as used in vibrational calculations.
In particular, this proposed algorithm is a rigorous quantum dynamics method without any dynamics approximation. It is problem-independent so that the algorithm can be used for studying varieties of polyatomic molecular systems through selecting the combination of (N − 1) orthogonal polyspherical vectors. In the next section, we will demonstrate two realistic examples.
Applications
In this section, we will discuss two applications of the algorithm for computing the rovibrational energy levels of CH 4 and H 2 CO using the same program. In order to compare the calculated results, the SPT8 potential energy surface 39 of CH 4 will be used for the methane study although there are other accurate surfaces available. [80] [81] [82] [83] [84] In particular, some benchmark calculations on the rovibrational energy levels of CH 4 were reported using the SPT8 surface.
CH 4
For penta-atomic molecules, there are 21 sets of orthogonal polyspherical coordinates in the PetroVib program. 15 In this study, the (4+1) Radau coordinates (labeled as Icd=2)
is employed. It is an optimal choice for methane, and has been widely used by other groups. 16, 39, 84 In the calculations, the rovibrational Hamiltonian is represented in a full Since the results obtained with the Legendre DVR basis are essentially the same as those with the associated Legendre DVRs, only the latter's results are reported here. 
H 2 CO
In this example, we will demonstrate that the theory described in Sec. 2 is general. That is, it can be used for any polyatomic system. Basically, we treat the H 2 CO molecule as a pseudo five-atomic molecule H 2 GCO so that its rovibrational states can be studied using the same program as for CH 4 discussed above. Here, we used the (3+1) Radau and Jacobi coordinates (i.e. the Icd=3 set in the PetroVib code), 15 which is shown in Fig. 2 . The r 2
Radau vector is associated with the dummy atom G with a zero mass. In this application, we need only to set µ 2 = 0, f 2 (r 2 ) = 0 in Eq. (14), the associated basis sizes (
being one, and the 1D kinetic energy operator matrices in Eqs. (22) and (31)- (36) Table 2 gives the calculated energy levels of H 2 CO together with a comparison with previous calculations. 51, 87 As one can see, they are in excellent agreement. The whole calculations took less than one hour although it is not the best way to do so in such a reduced dimension way. Importantly, this application justifies that the algorithm is universal for general polyatomic molecules.
Conclusion
We have developed a novel exact variational algorithm for calculating rovibrational energies of polyatomic molecules for a given potential energy surface. An explicitly Hermitian
Hamiltonian for an N −body system has been derived using a set of orthogonal spherical coordinates in the body-fixed frame. The rovibrational Hamiltonian has a universal formulation regardless of the choice of orthogonal polyspherical coordinates and the number of atoms in molecule, which is suitable for developing a general program to study the rovibrational spectra of many polyatomic systems. The large amplitude motion of vibrations is naturally described in the curvilinear coordinates.
By using the partitioned structure of the Hamiltonian and the coupled-state scheme, the multi-layer Lanczos method has been extended to solve the eigenvalue problem of the system in a group direct product basis set. A real two-component Lanczos algorithm is also proposed for solving the energy levels of the resulting complex Hermitian matrix.
Compared to the pure vibrational state calculations, the rovibrational state calculations requires only a few extra small matrices that are independent of the overall rotational variables and radial coordinates. For a given total angular momentum J, the rovibrational states can be efficiently computed via a Lanczos iterative diagonalization method. In particular, the algorithm is a rigorous full dimensional method without any dynamics approximation while still keeping the merit of the multi-layer Lanczos method, i.e. solving the whole eigenvalue problem in a reduced-dimension manner. Parallel computing can be easily implemented with the algorithm.
The extended multi-layer Lanczos algorithm has been applied to the rovibrational state This feature is similar to those normal mode based methods 1, 13, 14 but this approach is able to describe the large amplitude motion of vibrations easily. Actually, such an accomplishment is largely attributed by the general formulation of the rovibrational Hamiltonian and by the flexible choice of orthogonal polyspherical coordinates. Although the latter has not been discussed in detail in this work, it has already been demonstrated in previous works. 3, 15, 42, 47 This research also shows that it is practically possible for developing a problem-independent algorithm for the rovibrational spectrum calculations of polyatomic molecules with large amplitude motion. As a result, the tedious programming in dynamics calculations from system to system can be avoided.
Although we used two rigid molecules to demonstrate the algorithm, it is no doubt applicable for studying molecules with LAM. Now, the algorithm is used to study two floppy molecules, the hydroxymethyl (CH 2 OH) and vinyl (C 2 H 3 ) radicals. The hydroxymethyl radical has two large amplitude coordinates. Our preliminary calculations are in excellent agreement with the diffusion Monte Carlo results of Harding. 88 In addition, the vinyl radical has one floppy coordinate (the in-plane bending motion of the α−CH of C 2 H 3 ).
By using the recent ab initio potential energy surface of Chen et al., 89 we have accuately calculated the lowest hundreds of rovibrational states of C 2 H 3 . The results will be published elsewhere.
Energy Sciences. It also used the resource at the National Energy Research Scientific
Computing Center (NERSC) under Contract No. DE-AC02-05CH11231. 
